Chapter 2
First Order Differential Equations

Section 2.1

1.

© X 3 kA wD

11 (a).

11 (b).

11 ().

12 (a).
12 (b).
12 (©).
12 (d).

This equation is linear because it can be written in the form y’ + p(#)y = g(¢#). It is
nonhomogeneous because when it is put in this form, g() = 0.

nonlinear

This equation is nonlinear because it cannot be written in the form y’ + p(#)y = g(7).
nonlinear

This equation is nonlinear because it cannot be written in the form y’ + p(#)y = g(7).
linear, homogeneous

This equation is nonlinear because it cannot be written in the form y’ + p(#)y = g(7).
nonlinear

This equation is linear because it can be written in the form y’ + p(7)y = g(#). It is
nonhomogeneous because when it is put in this form, g(#) = 0.

linear, homogeneous

Theorem 2.1 guarantees a unique solution for the interval (—%,), since — 7 and sin(z) are
t

both continuous for all # and -2 is on this interval.

Theorem 2.1 guarantees a unique solution for the interval (—%,), since — 7 and sin(z) are

both continuous for all # and O is on this interval.

Theorem 2.1 guarantees a unique solution for the interval (—%,), since — 7 and sin(z) are
t

both continuous for all # and s is on this interval.
2<t<®
-2<t<?2
2<t<?2

—o<t< =2
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13 (a). For this equation, p(¢)is continuous for all = 2,-2 and g(¢) is continuous for all 7 = 3.
Therefore, Theorem 2.1 guarantees a unique solution for (3,%), the largest interval that
includes7=35.

13 (b). For this equation, p(¢)is continuous for all = 2,-2 and g(¢) is continuous for all 7 = 3.

Therefore, Theorem 2.1 guarantees a unique solution for (-2,2), the largest interval that
includest=-—.
2

13 (c). For this equation, p(¢)is continuous for all = 2,-2 and g(¢) is continuous for all 7 = 3.
Therefore, Theorem 2.1 guarantees a unique solution for (-2,2), the largest interval that
includes 7 = 0.

13 (d). For this equation, p(¢)is continuous for all = 2,-2 and g(¢) is continuous for all 7 = 3.
Therefore, Theorem 2.1 guarantees a unique solution for (-%,-2), the largest interval that
includes = -5.

13 (e). For this equation, p(¢)is continuous for all = 2,-2 and g(¢) is continuous for all 7 = 3.

Therefore, Theorem 2.1 guarantees a unique solution for (-2,2), the largest interval that

includest = E
2

Injr+ 7| Inf=
-2 -2

14 (a). 2<t< o,

14 (b). 0<1<?2.

14 (c). —0<1<0.

14 (d). —0<1<0.

14.

undefined at7=0,2.

15. y(t) = 3e' Differentiating gives us y' = 3" (2t) = 2ty . Substituting these values into the given
equation yields 2ty + p(¢)y = 0. Solving this for p(¢) , we find that p(¢) = -2¢. Putting ¢ =0 into
the equation for y givesusy, = 3.
16(a). y=Ct'y'=Crt’™" 2ty'-6y=0
“ 2Crt" -6Ct =2r-6)Ct' =0 = 2r-6)y=0 = 2r-6=0 = r=3
y(-2)=C(-2)'=8 = C=0 .. C(-2)’=8=C=-1

16 (b). — < t < Osince p(t)=7

16 (c). y(f)=—-1, -0 <t<®,
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17. y(t) = Osatisfies all of these conditions.

Section 2.2

1 (a). First, we will integrate p(¢) = 3 to find P(#) = 3¢. The general solution, then,
isy(f)=Ce™" = Ce™.

1 (b). y(0)=C =-3. Therefore, the solution to the initial value problem isy = —3¢™".

1 -1 ' 1,
2@. ¥ -5y=0, (") =0, y=Ce".

2(b). y(=)=Ce =2, C=2¢"y(t)=2¢"

3 (a). We can rewrite this equation into the conventional form: y' — 2ty = 0. Then we will integrate
p(#) = =2¢ to find P(f) = —*. The general solution, then, is y(f) = Ce ™" = Ce" .

3 (b). y(1)=Ce=3.Solving for C yieldsC = 3e™". Therefore, the solution to the initial value
problem is y(7) = 3¢”'e" = 3¢ V.

1

4 4
4(). ty'-4y=0 = y’—7y=0. f—;dt=—4ln|t|=—ln(t4) M=t4

1 ! 4 — !
FY - sy=@Ty) =0y=Cr.

40). yl)=C=1 .. y(t)=1".
5 (a). For this D.E., p(f) = -3. Integrating gives us P(¢#) = —3¢. An integrating factor is,

-3t

then, u(f) = e”'. Multiplying the D.E. by u(?), we obtaine™y’ = 3¢y = (¢ 'y) = 6.

Integrating both sides yieldse ™y = =2¢™>" + C. Solving for y gives usy = -2 + Ce”".
5(b). y(0)=1=-2+C.Solving for C yields C = 3, and thus our final solution is y = =2 + 3¢™.
6(). y -2y=e", y(0)=3.(ey) =¢' = ePy=e'+C = y=¢"+Ce”

6(). y0)=1+C=3 = C=2, y=e" +2.

3 1 3
7 (a). Putting this D.E. in the conventional form, we have y' + 5 y= Ee’. For this D.E., p(¢) = 5

3 2
Integrating gives us P(¢) = Et. An integrating factor is, then, u(7) = e? . Multiplying the D.E.

3 3 3 5 3 5

2 2 2 1 2 2 1 2
b (t) , WE Obtaine2t ! 3 ezl = (ezr ), = 62[. Inte ratin both SideS ieldse2t = 62[ C.
yu W y > y y > g g y y 5

1 3
Solving for y givesusy = ge’ +Ce 2
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3
-t

1 1 1
7(M). y0)=0= 5 + C. Solving for C yieldsC = arE and thus our final solution is y = ge’ - ge
8(a). y' +y=1+2e"cos2r), y(%)=0 .. (e'y) =e' +2cos2t
e'y=e +sin2t+C = y=1+¢'sin2t+Ce™".

8(b). y@)=1+Ce” =0 = C=-e"; y=1+e"sin2t—e .

cos(1)

3
9 (a). Putting this D.E. in the conventional form, we have y' + y=- Ecos(t). For this

cos(1r) sin(7)

DE. p(t)= 5 Integrating gives us P(¢) =

. An integrating factor is, then,

sin(t)

u(t)=e * .Multiplying the D.E. by u(7), we obtain

sin(t) sin(t) sin(t) sin(t)
= cos(t) —~ — 3cos(t) —~ . . .

e 2y + %e 2y=( ?y)= —T()e 2 . Integrating both sides yields
sin(t) sin(t) sin(t)

e 2 y=-3¢ * +C.Solving for y givesusy=-3+Ce 2 .

_ sin(t)

9 (). y(0)=-4=-3+C.Solving for C yieldsC = -1, and thus our final solutionisy=-3-¢ 2 .
10(a). y'+2y=e"+1+1, y(-D)=e, (e*y) =€ +1e* +¢*

1 1 1 t 1
ye' =e' +—te¥ ——e" + =¥ +C = y=e'+—+—+Ce .
2 4 2 2 4

I 1 1

10 b - = _—+_+C2= = C=— -2
(). y(-D=e St tCe=c 2
r 1 1
. y=e—t +_+_+_e—2(1+1)'

2 4

i i i 1 1 4 . .
11. We can rewrite this equation into the conventional form: y' + 7 y = 0. Then we will integrate

4
p(t) = 7 to find P(7) = 4ln|t| =1In¢*. The general solution, then, is

y(t) - Ce—P(z) _ Ce—lnt4 _ Celnt‘4 _ Cl_4.
12.  u=exp(t-cost) .. y()=Ce """,
13.  First, we will integrate p(f) = —2cos(2¢) to find P(¢) = —sin(2¢) . The general solution, then,

is y(f) = Ce™™" = Ce™"”

14. (£ +Dy)=0y=

£+l
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15.

16.

17.

18.
19.

20.

21.

22.

23.

24.

We can rewrite this equation into the conventional form: y’ — 3(#* + 1)y = 0. Then we will
integrate p(7) = =3(¢> + 1) to find P(f) = —#° — 3¢. The general solution, then,

is y(f) = Ce™™ " = Ce" "™

y+e'y=0 .. fe"dt =—¢" (e y) =0y=Ce .

For this D.E., p(f) = 2. Integrating gives us P(¢) = 2¢. An integrating factor is, then, u(f) = .
Multiplying the D.E. by u(f) , we obtaine”'y’ + 2e*y = (e*'y)’ = ¢*'. Integrating both sides

1 1
yieldse*'y = Eez’ + C. Therefore, the general solution is y(#) = 5t Ce™.

y+2y=e"' = (e7y) =¢ = e’'y=e'+C = y=e¢"' +Ce™”.
For this D.E., p(f) = 2. Integrating gives us P(¢) = 2¢. An integrating factor is, then, u(f) = .
Multiplying the D.E. by u(#) , we obtaine”'y’ + 2¢*y = (¢*'y)’ = 1. Integrating both sides

yieldse®'y = t + C . Therefore, the general solution is y(f) = te™ + Ce™.
2 2 2 1 2 1 2
Y +2ty=t = (' y) =te :>e’y=Ee’+C:> y=5+Ce".
. . L . . , 2 . 2
Putting this equation into the conventional form gives usy’ + < y=t.Forthis D.E., p(t) = e

Integrating gives us P(f) = 2Int. An integrating factor is, then, u(f) = " =1 Multiplying the

1
D.E. by u(f), we obtain£’y’ + 2ty = (£’y)' = . Integrating both sides yields 'y = —* + C.
yu y 1y y g g y 1

1
Therefore, the general solution is y(f) = th +Cr.

2t 2
- y=t2,‘u=eln(t+4)=t2+4
r+4

£ 4ar s +44+C
(P HdyY) =P+ 4= +47 = P +d)y=—+—+Cy="F"—,
(F+dy) = +4) ( )y =73+ Y= T4

(+4)y +2ty=1'(t’+4) = y' +

For this D.E., p(¢) = 1. Integrating gives us P(f) = ¢. An integrating factor is, then, u() = ¢'.
Multiplying the D.E. by u(7),, we obtaine’y’ + e’y = (¢'y)’ = te'. Integrating both sides
yieldse'y = te' — e’ + C . Therefore, the general solution is y(f)=t—1+ Ce™.

y' +2y=cos3t = (e”'y) =e* cos3t

u=e* dv =cos3tdt

2
e t

1 2
du=2e"dtv = Esin 3t fez’ cos 3tdt = ?sin 3t - gfez’ sin 3tdt
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25 (a).
25 (b).
25 (c).

26.

27.

28 (a).
28 (b).

28 (c).

28 (d).

u=e* dv=sin3tdt

2
e t

1 2
du=2e"dtv =—-—cos3t fe2’ sin3tdt = ——cos 3t + —fez’ cos 3rdt
3 3 3
2t 2 2t 2 4 2t
=€ gin3r=2)-% cos3t+ 20l = 11+ 2y =S (sin3t+2cos3)
3 3 3 3 9 3

3
I = Eez’(sin 3t +2cos3f)

3 3
" 62[)’=Bezr(Sin3l+2COSSt)+C =y =E(sin3t+2cos3t)+Ce"2’

#2
#3
#1

1
y(0) = yoe_m 4= yoe_a , 1= yoe‘3” Divide: 4 =e** = a= 51114 = In2
and y, = e* = M g y(f) = 8e 2"

. .. . a .
First, we should put the equation into our conventional form: y’ — —y = 0. Integrating
t

t—a

p(t) = —% gives us P(t) = —a1n|t| = In|t™|. The general solution, then,

—ln‘t’“‘

isy(f)=Ce™"" = Ce Celn‘ta‘ = Ct”. Using the general solution and the point(2,1), we can

solve for C interms of a: y(2) =1=C-2%;C = 2™ . We can then substitute this value for C
into the general solution at the point (4,4): y(4) =4 =27 - 4% = 47*7. 4% = 4*” Setting the

1
exponents equal to each other yields1 = %;a = 2. Finally, solving fory,,y, = y(1) =271 = 1

% , so the corresponding graph is graph 2. y(O) =2.

—(sin 21)/

2, so the corresponding graph is graph 4. y(O) = 3.

The general solution is y = ce

The general solution is y = ce

0 l([_sm2t)

The general solution is y = ce * 7 so the corresponding graph is graph l.y(O) =1.

The general solution is y = ce%o, so the corresponding graph is graph 3.y(0) =2.
dA

* . L . dB s
29 (a).B(c) = A(c)- A and differentiating gives us o de -kB,B(0)=-A".
c c
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29 (b).

29 (c).

30.

31.

32.
33.

34.
35.

36.

B(c)=-A"e™ = A(c)- A", and substitution gives us A(c) = A"(1-e™*). The activity does not
ever exceed A" because A(c) only approaches the value of A~ as ¢ approaches ©.
Alternatively, the value of (1 - e‘kc) is never higher than 1.

Substituting the condition into our given equation, we have 0.954" = A"(1-¢7") .

Simplification gives us-0.05 = —e™™ = —ke=1n(}%y) = -1n(20), and solving for c yields

1
Coos = zln(ZO).

’ 4 4
y +7y=at, u=t
6 2

t 1
'y +4r’y=at’ = (t'y) =>t4y=05g+C=>y=a?+Ct—4

2

t
250:a=—2,y=——,
6 3

y(l)=—%=%+C:>C=—%—
Multiplying both sides of the equation by the integrating factor, u(f) = >, we

havee®y = e”(Ce™ +t+1) = e” (¢t +1) + C. Differentiating gives

us(e”y) =e* (1) +2e* (t +1) = e’ (2t + 3). Therefore,

(e*y) = (u(D)y) = u(r)- g(r) = e* (21 + 3) = g(1) = 2 + 3and

wiy=e* =" = P(1)=2t=> p(t)=2.

2tCe'” + pCe'” =0=> p() = —2¢. Substituting, (Ce’ +2)' - 2t(Ce" +2) = -4t => g() = —4t.
Multiplying both sides of the equation by the integrating factor, u(f) = t, we

havety = (Ct™" +1) = t + C. Differentiating gives us(ty)’ = 1. Therefore,
(1y)' = (u(®)y) = u(n)- g(1) =1=(O(t") = g(t) = t"'and

1
wiy=t=e"" = P(t)=Int = p(t) = = .

(e +t=1)+(" +t-)=t=g()=t, y,=0.

y()==2¢"+e +sint=y,=y(0)=-2+1+0=-1.

Ify(t)=-2¢™" + €' +sint,theny’ =2¢™ +¢' +cost.

Substituting iny’ + y = g(#),(2e™" + e’ +cost) + (-2e™" + e’ +sinr) = 2¢’ +cost +sint = g(1).
y' +(1+cost)y=1+cost, y(0)=3, u=e"""".

(et+sinty)/ — (1 +COS t)et+sint — (et+sint)/ = et+sinty - et+sint +C = y= 1+ Ce—(z+smt)'

Y0)=1+C=3=C=2 -y=1+2¢"""" and limy(s) = 1.
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37.

38.

39.

40.

41.

Putting this D.E. in the conventional form, we have y’ + 2y = ¢™ —2. For this D.E., p(f) = 2. An
integrating factor is, then, u(f) = ¢*'. Multiplying the D.E. by u(f), we

obtaine”'y’ +2¢*y = (e”'y)' = ' — 2¢”'. Integrating both sides yieldse*'y = ¢’ —e* + C.
Solving for y givesusy = e™" =1+ Ce™, and with our initial condition, y(0)= -2=1-1+C.
Solving for C yields C = -2, and thus our final solutionisy =e™ —=1-2¢™".

Therefore,}i_)rgy(t) =-1.

y=ce' +te’ =y, =c.y(t)=-ye +e —te”. y'(1)=0= (—yo +1- 1)e‘1 =0..y,=0.

1
The general solution of the D.E.isy = Ce™ + X’ A=0;y=1t+C, A=0.Therefore, the

1
relevant limits are: limy does not exist for A =0 and A <0;limy=C-0 + ) for A > 0.
On[1,2]:

1
v+ P y = 3t, y(1) = 1. An integrating factor is u(z) = t. Multiplying the D.E. by u(7), we

obtain(ty) =3’ =ty= +C=y=1"+Ct", yl)=1+C =1= C =0. Therefore, the
solution for 1= ¢t=<2is y=¢"and y(2) = 4.
On[2,3]:

1
v+ ;y =0, y(2)=4. An integrating factor is u(z) = t. Multiplying the D.E. by u(7), we

obtain(ty) =0=ty=C=y=Ct", y2)= % =4 = C = 8. Therefore, the solution for

~ | oo

2=<t=<3isy=

On|[0,7]:
y' +(sinf)y = sinz, y(0) = 3. An integrating factor is u(7) = ™ “*'. Multiplying the D.E. by u(z),

cost . cost cost

we obtaine™ 'y’ + e “*'(sint)y = (¢™*'y)" = (sinr)e "' . Integrating both sides

cost _ ,—cost

yieldse ™'y =e + C . Solving for y gives usy = 1+ Ce™", and with our initial

cost-1

condition, y(0) = 3=1+ Ce = C = 2¢™". Therefore, the solution for 0 < t<m is y =1+ 2¢
and y(w) =1+ 2¢°.
On|[mx,27]:

—cost

y' +(sinf)y = —sint, y(w)=1+2e*. Multiplying the D.E. by u(f) = ¢™**', we obtain

—cost .1 —cos? - cost
e

y +e ™' (sint)y = (e

—cost

y)' = (-sint)e
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—cost _ —cost

Integrating both sides yieldse 'y = —e + C . Solving for y givesusy = -1+ Ce*', and

with our initial condition, y(;r) = 1+ 2¢ = =1+ Ce™' = C = 2¢' + 2¢". Therefore, the solution

cost+l1 cost-1

form=t<2mis y=-1+2e +2e

42.  On[0,]:y"' =2, y(0)=1.
y=2t+C, y(0O)=C=1=C=1.
Therefore, the solution for O<s¢t<1is y=27+1 and y(1) = 3.
1
On[L2]: y" + ;y =2, y(1) = 3. An integrating factor is u(#) = ¢. Multiplying the D .E. by u(?),
we obtain(ty) =2t=ty=t"+C=y=1t+Ct"', y()=1+C = 3= C = 2. Therefore, the
2
solution for 1st<2isy = t+7.
43.  On]0,1]:
y' +(2t=1)y =0, y(0) = 3. An integrating factor is u(r) = ¢' . Multiplying the D.E. by u(),
we obtaine’ 'y’ +e' '(2t=1)y = (¢' "'y)’ = 0. Integrating both sides yieldse' 'y = C. Solving
for y givesusy = Ce'™"", and with our initial condition, y(0) = 3= C. Therefore, the solution
for 0<t=<lis y=3e" andy(l) = 3.
On[1,3]:
y' +(0)y=y"=0, y(1)=3. Integrating gives us y = C = 3. Therefore, the solution for 1 =<3
is y=3and y(3) = 3.
On[3,4]:
y o+ (—})y =0, y(3) = 3. An integrating factor is u(f) = ™' = 1. Multiplying the D.E. by u(?),
we obtainty’ =~y = (7y)' = 0. Integrating both sides yields; y = C. Solving for y gives
us y = Ct, and with our initial condition, y(3) = 3= C(3) = C = 1. Therefore, the solution for
3<t=<4disy=t.
44.  y(t)=t{Si(H) - Si(1) + 3}
Section 2.3

1 (a). Tobegin, Q(0)=0and Q' = (0.2)(3) - %(3). Putting the second equation in the conventional

form, we have Q" + 0.03Q = 0.6. Multiplying both sides of this equation by the integrating

0.03¢

factor u(r) = "' gives us(e””'Q)’ = 0.6e"”" . Integrating both sides
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1 (b).

4 (a).

4 (b).

5 (a).

5 (b).

100
yieldse"*'Q=0.6- Teom’ +C =20e""" + C. Solving forQ, we

have O =20 + Ce™"*".Q(0) = 0 = 20 + C, so C = =20 . With this value for C, our final equation
for Q isQ =20(1-¢""). Thus, Q(10) = 20(1 - ¢™*’) = 5.181b.
limQ(#) = 201b and the limiting concentration is 0.21b/gal.
0 o _ 1 ¥ )
'=-—-:10,70(0) =50 .= = -— =Ce 7°,7C =50.0(t) =50e 7.
0=~ 210200)- 50 L - -~ 0- e 0(1) = 50e
SOe_%0 =5=1=115.129 min.=1.9 hours.

First, V = 100(70)(20) = 140,000m° Substituting into equation (2), we

have Q' =0- Q r, and so the general solution is Q = QQe'%’. Using the given condition, we
14

, 1
obtain0.01Q, = Qe "™ , and solving for r yields — — = SgIn00D = r= %maom.
1%

140,000

Substituting the known volume, r = In(100) = 21,491 m%ﬁ 0 Finally, the fraction of

1
the volume of air that must be vented is” = %111(100) =0.1535 (=154%).
v

00)=5. Q' =0.1r - 2/ (™" Qy = 0,17

200
eO.OOSrtQ — 0.1(200)60.005” + C - 2060.005” + C ) Q - 20 + Ce—OOOSrt )

20

Q(O)=5=20+C=>C= —15,Q=20—156_0'005”' Q(20)=15=20_156—r.0r=>
r =10.99 gal/min.

It would not be possible.

Substituting into equation (2), we have Q' = (10te%")(100) - L(lOO) ,00)=0.

5000
1 1, 1,
Simplification gives us Q' = —%Q +10007¢~* , and so (QeAO)’ =1000z.
Qe’* = 5007 + C , and so the general solution is Q = 500%™/ + Ce™’* With the initial
condition of Q(0)=C =0, Q(r) =500t e mg.
Q= 500(2t— g—f))e"/“’ =0 = > =100¢ ,and solving for ¢ gives us ¢ = 100 minutes.

Substituting this time back into our equation for O, we obtain the maximum concentration:

100)  500(100)>
0d00) _ 500000)" > _ 60002 ~1353 M8/
5000 5000 gal
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5 (c).

6 (a).
6 (b).

6 (c).
7 (a).

7 (b).

7 (c).

8 (a).

8 (b).

9 (a).

To find the two times at which the concentration is 100 m% a]> We must examine a graph of Q.

Yes, the dosing was effective.

V(¢) = 400 + £ - 2t = ¢ = 400 min.

20 20

V(3OO)=100.Q’(t)=0.1—400_t,.Q(O)=0.Q’+400_t=0.1.
_ i (400 1) o _ ol
() (400-0)" = (400-7)* | (400-1)’

Q 01
(400-17)* 4001
0(0) = 0= 40 +160000C =0 = C = LI 0(t)=0.1(400 - t) - Wloo(‘mo_ 1)’

4000
0(300) = 7.5 bs.

1 1 2
"(r)=-0.1 400 - 1) = =200. Q(200) = 20 - ——(200)" = 10 Ibs.
Q'(t)=-0 +2ooo( 00-1)=0=1 0(200) = 20 4000( 00)" =10 Ibs

To begin, Q(0) =10, V(0) =100, and V(¢) =100 + ¢. Since the tank has a capacity of 700

+C = Q=0.1(400 - 1) + C(400 - 7)’.

gallons, 100 + ¢ = 700. Solving for ¢ yields #= 600 minutes.
0 2

(2) . Putting this in the conventional form, we have Q' +
100 + ¢ 100 + ¢

Multiplying both sides of the equation by the integrating factor u(f) = ¢>™"**"” = (100 + 1)°

Q' =(0.5)3)-

3
Q=§-

(100 + 1)°
I

C,
2

3
gives us ((100 + 1)°Q)' = 5(100 +1)°. Integrating both sides yields (100 + £)*Q =

100+t+ C
2 (100 + 1)

C

and solving for O, we have Q = 0L and solving for C

yields C = -40(100)* = —400,000.
Substituting this value of C back into our equation for Q gives us our final equation

100 +¢ 400,000

f ,0(1) = - . V(t)=400 atr= 300,
0100 == = g0 4 gy =40 "
400 400,000 197.
0(300) = - ~——=197.5 1b. The concentration, then, is 975 Ib/gal.
2 (400) 0
700 400,000 349.2
0(600) = - ~—— =~ 349.21b. The concentration, then, is o ~ 4988 Ib/gal.
2 (700) 0
o) _ e %
- t) = 20e /500 0)=20lIb.
000~ 30 = @) =20e 7 = 0(0)
20 - Y500
_ gt =2¢(f)=¢,=0
500 25
t 1 _1 _
% = %[1 —-e Aoo]can be simplified to Q(¢) = 50[1 —-e /500], and so 0(0)=0.
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1 _
9 (b). Differentiation gives us Q’(t) = Ee Y300 , and substitution gives

1 1 -4 ] . . I b
' =2c(t)=—¢ /500 4 —|]—¢ /50| , ()= — )
us Q'(1) + 2¢,(t) = 2¢,(1) 10 e + 10[1 e Solving for c,(t) gives us c,(7) 20 /el

Q) _ re”/0

10 (a). 22 = ) = 21”5 = 0(0) = 0.
@ 1000~ 500 = Q1) =2t 0(0)
10 (b). ()= 2¢750 = 2L o5 _y 9o~ ] - L] 2e/w_ 2e(1) = ¢(1) = ¢ Ib / gal.
500 500 500 ' '
0 0

11 (a). Q' =a——(15)-——(15

(@. 0 05500( ) 500( )

—(1=-

11 (b). Our boundary condition is Q(180) = 0.01Q, . Substitution gives us Q' = %(IS)Q ,and

s0Q = Q,e”"""". Our condition gives us

0] = o~ 31-a)180) -54(-a) _

, which we can simplify to e 01. Solving fora,

54(1-0a)=1n(100) = 1-a=0.8528 = o =0.1472.

12 (a). Q’=4r—(10+r)%, 00)=0

10 10
12 (b). Q, = (1%.) - (2gal) = 20z. Therefore, 4r - T 2=0=r= ?gal/min.
10 ~(10+r)
120). 0+ 2 o grm 0= e
2 10+r

_87' Sr —(10+r)y
0)=0=C = d0= (1- 2)
QO)=0=C=yy and Q=1 (1-¢

With r= 2 8
3°10

(1o .
=2. Set 198 = 2\1— e 2} . Therefore, t=0.69077...min.
+r

) o 0,
13 (a). 0,(0)=1000, Q,(0)=0, @, =0 1000(500,000)’

andQ, = 1000(L) - 1000(L) .
500,000 200,000

! ! 1
13 (b). Putting the equation for Q, into the conventional form, we haveQ, = - %QA .

t
Thus,Q, =1000e . Putting the equation for QB’ into the conventional form, we

t

o1 = —
haveQ, + %QB = 2¢ 3% Multiplying both sides by the integrating factor u(t) = ¢2®
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13 (0).

13 (d).

14 (a).
14 (b).

14 (c).

14 (d).

15 (a).
15 (b).

15 (©).

& (20-50) o 000 A
yields (Q,e20) = 2¢ ‘*° 3/ = 2190 TIntegrating both sides gives us Qe = ——¢'° + C,
2 — L 2000 2000
and solving for Q,, 0, = @e 00 4+ Ce 2.0, (0)=0= +C,s0C=- 3 Substituting
) ) ) 2000\( - =
this value back into our equation, we have Q, = S e 0 —¢g 20
: 2000 [ o
Setting O, =0, we have0 = (—) ———e 0 + ——¢ 201 Sincee 0 20 = 50—0,
3 500 200 200
3 1000
—t= ln(é) ,and thus 7= ln(é) ~305.4 hours.
1000 2 2

1
Here, we want to determine ¢, such that Q,(¢,) = 5 Ib and 7, such that Q,()<0.21b

where ¢ < ¢,. This can be solved via plotting: 7, =3800hours and 7, = 4056 hours. Therefore,

t = 4056hours.
r,=1,=3+sint = V =constant.

Expect limQ(7) = .5(200) =100 1b.
The tank is being “flushed out”, albeit in a pulsating manner.
Q' = 53 +sint) - %(3 +sint), Q(0)=10

3 +sint
200

Qe """ = 100¥ " + C = Q=100+Ce

1 3t-cost), 1 (31-cost
0+ 0= 5(3 +sinf) = (Qe VY = 5(3 +sinpe

0(0)=10=100 + Ce’ = C=-90¢"™= Q(t)=100-90¢ .

lime """ 20 = 1imQ(f) = 100 Ib.

t— o

We do not expect the limit to exist since we do not expect concentration to stabilize.

Substituting the relevant values into equation (2), we

have: Q' = 2(1 +sin?)(3) - %(3), 0(0)=10.

3
Simplifying the D.E. above, we have Q" + %Q = 0.6(1 + sin?) . Multiplying both sides by the

integrating factor u(z) = ¢ we obtain (e(%OO)’Q) = 0.6¢"" (1 + sin).
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We then integrate as follows:

(-cost +asin) __ 200 (54, ) (—cost + 5 sint)

fe“’ sintdt = e”

200 Q 0 6{

(+d) 3 *— o)’

Thus the general solution is:

0(1)=06 200 (= COS T + 55 8iN ) +Ce%m,=40+—O.6cost+0.009sint
: I+ Caw)’ 1000225

0.
initial condition, we have Q(0) =10 = 40 - —6 +C and solving for C gives
1.000225

0
usC =-30 + _06 . Thus, the solution to the initial value problem is:
1.000225

oot _ .
O(1) = 40 — 30¢ 7" (0.6(6 Cost)+0.009smt))'

1.000225

15 (d). The graph behaves as we would expect:

16.

17.

Q(t)
40

35

30

25

100 200 300 200 °

=k(S-0), S=72, 6(0) =350, 6(10) =290
0 +kO=kS = ("0) =ke"S = €"0=e"S+C = O=S+Ce™
00)=6,=S+C = C=0,-S = 0=S+(0,-S)e™

290 = 72 + (350 = 72)e M = 218 =278¢7', 10k = ln( 278)

218

1 27 4
k=—In ( 8) 120=72+(350-72)e™™ = ™ _ 8
10 \218 278
1. ( 48\ 10In(Z) 10(1.756
—— n( ) - n2(7;‘8 ) _100.756) _ 25 5 min
k \278)  In(Z) 0.243

From Newton’s Law of Cooling,0 = S, + (6, - So)e‘k’, 6(0) = 70. Substitution gives
us O = 300 — 230e™. With our boundary condition of 8(10) = 150, we obtain

150 = 300 = 230" = k = —O.lln(15/23).

+Ce”™" . Using the
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18.

19.

20.

21.

22.

23.

With the value of k obtained, we can find the necessary value for S, to raise the object’s
temperature from 70 to 150 degrees in 5 minutes.

6(5) =150 = S, + (70 - §,)e""%) = 5, + (70 - $,)(£)".

Thus S, +56.5301-0.8076S, =150 = S, = 485.8 degrees.

0(r) = S, + (0, - S,)e™,6(0) = 150,0(2) = 100,6(4) = 90

= Q(t) = S, + (150 - S,)e™" . Solving simultaneous equations,

100 = S, + (150 = S,)e ™™ and 90 = S, + (150 — S,)e™**, we have

2
(100-50) _0-8 o _grs0p

150-8,) 150-8,
6(r) = 70 +270¢™", and since the solution of (5) is6(r) = S, + (60 - So)e'k’ , we
have S, = 70°F and (6, - S,) = 270 = 6, = 340°F.

(1) = 390e_%, and since the solution of (5) is6(r) = S, + (60 - So)e"’“ , we
have S, = 0°F and (6, - S, ) = 390 = 6, = 390°F.

0(r) = 80 — 40e™, and since the solution of (5) is8(r) = S, + (6, - S, )e ™, we
have S, = 80°F and (6, - S, ) = -40 = 6, = 40°F.

To begin,

1
0=S+(6,-S)e™.120 = 350 + (40 — 350)e " .k = - —1 (

350-120
n —_—
10

) ~.02985.
350 -40

6(20) = 350 + (40 — 350)e ™" = 350 - (310)(0.550) ~179.5 degrees.
1 1 ( 110-72

H(I) =110=72 + (1795 _ 72)6—0.02985t =

- n ) =~ 34 .8 minutes.
0.02985 \1795-72

For the first cup,6, = 72 + (34 — 72)e™ . Thus, with the proper substitutions, 53 = 72 — 38¢™" .

1
e”™  then, is equal to 3—2 For the second cup, 8, = 34 + (72 - 34)e™". With the proper

o ) 19 .
substitutions, we have 53 = 34 + 38¢7". ¢7 | then, is equal to g Thus, the two times are

equal.
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Section 2.4

1.

8 (a).

8 (b).

8 (¢).

11,000,000 = 10,000,000¢°* . Solving for k yields

1 11 1ya(11 11\
k = gln(ﬁ) . P(30) = 10,000,000 "1)%% _ 10,000,000¢")" =17,715.610.

oot =2 5102 5636 days.
.
10

1
Substitution gives us 1.3 = ¢**, and solving for k, we have k = Eln(l .3). Substitution again

In3  2In(3
gives us 3 = ¢", and solving for ¢ yields 7= 22 n(3)
k  In(1.3)

~&8.375 wks.

1
80,000 = 100,000¢** = k = gln(.S) => (80,000 + 50,000)e™** = 130,000-0.8 = 104,000 .

Q(t) = IOOe'k’,Q(O) = 100,Q( ) 75 . Substitution gives us % = ¢™*, and solving for k, we

M 31n(3)

so it takes an additional 9.56 days for the material to reduce to 30 grams.

%
have k = - . Thus 30 = IOO(%) , and solving for 7 gives us = ~12.56 days,

0(1) = 0,e™.0(90) = 0.80, = ~90k = In(0.8) = k = __1n(9%8) |
=2 _ 202 579,56 days.
k  In(0.8)
-2 % Thus O(r) = Qe 72k . From our boundary condition, we
T

have Q(S) =0, 'e_sm% =20, and solving for Q, gives usQ, = 20e5m% ~113.137 grams.
0(30) = Ce™™ =100, 0(120) = Ce " =30 = C = 30" = % =™

1 /10
k= —1In[ 2] ~<0.01338.C = O, = 149 4me.
BT n(3) 2 me

T= % 51.8days.

In(0.01
0.01=¢™". Solving fort, we have t= _D(T) =~ 3442 days.
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10 (a).

10 (b).

11 (a).

11 (b).

12 (a).

12 (b).

12 (©).

13 (a).

From the equation that models radioactive decay, we

haveQ, =100e™ k = Q,Q =50 A= ﬁ Since we are looking for the time at which the
A 30 7 90

populations are equal, we set 100e™ = 50¢™ and solve for f:
2=e"M = n2=1k-A)=1= S g = 45 days.
P'=kP+M, PO)=P,P'—kP =M, (e"P) = Me™

e‘k’P=—%e'k’+C = P=—%+Cek’, P0=—%+C

M M_
3 P(t)=—?+(P0 +7)ek

M M
B =- = .P, and P must be nonnegative = - = =0. If net immigration rate M > 0, net

growth rate kK <0 and vice versa.

For Strategy I, we have M, = kP,. For Strategy II, we have M, = P,(¢" - 1).
The net profit for each strategy would equal (M )P I”Of%s h) , and so the profit for Strategy 1 is,
then: Pr, = 500,000(.3172)(.75) = 118,950, and the profit for Strategy II

is: Pr,, = 500,000(¢”'"* - 1)(0.6) ~111,983. Strategy I would be more profitable for the farm.

M M M M
P()= —7+ (P, +7)ek, P(2)= P(1)e" = —?ek +(P, +7)e2k

M M
P,(1)= Pe*, P,(2) = - +(Pe* + 7)e"

M M M M, M
P(2)-P,(2) = —Iek +Pe’ + 7ezk e Pe* - 7ek = 7(6»2" -2¢" +1)

M
=7(ek—1)2.SinceM>0, P(2)> P2) if k>0 and P(2)<P,(2) if k<O.

If k > 0, introduce the immigrants as early as possible. If k <0, introduce as late as possible.

T= In2 =5730 = k= 1n2 . From our boundary condition,
k 5730

~1n(0.3)

0.3=¢7",and solving for ¢ givesus ¢ =

T In(*2
= ln(%) : E = (%)T ~ 9953 yr.
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13 (b). From (@) 1= 2G)r andso G (- 30y < 1< 10G) 7 4 30)
In2 In2 In2

or 9901 =< ¢r=<10005 yrs.

Q(6QO(’(()))OO) = 0000k _ 8—60,000(%) - 7'04(10-4)'

14, Q =-kQ+M.Q +kQ=M. p(t)=k and P(t)=kt= €"Q + ke"Q=("Q) ="M

13 (©).

M M M
=>e"’Q=ek’7+C =>Q=?+Ce'k’. Q0=7+C

M M M
=>Q(t)=7+(QO—7)e"" = 507" +7(1—e'k’). k=—"="=0231=

M M
100 = 50e + 7(1 —e™) =315+ —37(037) = M = 4278 (mg/yr).

In2 A
15. T= HT =8 days. Substitution gives us Q(f) = Qe = Qoe—ln2, and

30 = Qe *"*.Finally, Q,=30e""" ~38.9ug

1. (100 100
16. 0.99Q,= Qe ™" = t= —ln(—) = Lln(—) =4-10"-0.0145 ~0.058-10°=58 million years.
kK \99/ 1In2 \99

Section 2.5
1 1
1 (a). Solving fory’, we havey' = E(l —2tcosy). Thus, f(¢,y) = 5(1 —2tcosy).

af

1 2 J
1 (b). P 5(0 +2tsiny) = gtsiny . f and ai are continuous in the entire 7y plane.
y y

J
1 (c). The largest open rectangle is the entire fy plane, since f and ai are continuous in the entire
y

ty plane.

1
2(a). f(ty)= 5(1 —2cosYy).

ad 2 ad
2 (b). i =—siny. f and i are continuous whenz<0, r>0.
dy 3t ady

2(c). R= {(t,y):t >0,—0<y< 00}.

2t 2t
3 (a). Solving fory’, we havey' = EPREE Thus, f(t,y) = -
+

1+y*"

I

— (L2011 + y?) 2 2y) = 2
dy

J . . .
-—. f and o are continuous in the entire 7y plane.

3 (b). —=
© (I+y7) dy
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3 (c).

4 (a).

4 (b).

4 (c).

5 (a).

5 (b).

5 (c).

6 (a).

6 (b).

6 (c).

7 (a).

7 (b).

7 (c).

8 (a).

8 (b).

. . . J . . .
The largest open rectangle is the entire fy plane, since f and o are continuous in the entire

dy
ty plane.
-2t
t,y)= )
Sy =17 =
9 61y’ d
6i = ﬁ f and o are continuous everywhere in the #y-plane except on the liney = -1.
y Yy

R= {(l,y):—oo <t<o0,y> —1}.

1 1

Solving for y', we have y’ = tant — ty3 . Thus, f(t,y)=tant- tyg.

of 1 -2 of . , 1 :
s —§Zy 3. f and o are continuous except on the lines t={n + 5 7t (where n is an
y

integer) and y = 0.

The largest open rectangle is R = {(t,y):—% <t< g,O <y< 00}.

F—e”
ty)= .
f(@.y) N
9 P+2y-9)e” -21 d
o = (" +2y > Je 3 Y f and o are continuous everywhere in the #y-plane
9y (=9 dy
excepty = +3.

R= {(l,y):—oo <t<®o-3<y< 3}.

2 +tant 2 +tant
Solving fory", we have y’ = *han . Thus, f(t,y) = *tan
cosy
of 20 . af .
P (2 + tanz)(- 1)(cos y) (— sin y) = (2 +tant)secytany. f and o are continuous except on
y y

1 1
the lines 7= (n + E)n (where n is an integer) and y = (m + E) 7t (where m is an integer).

The largest open rectangle is R = {(t,y):—% <t< E,—E <y< E}.

22 2
2 +tany
Ly)=——m—"—.
Sy cos2t
9 ? d
o _secy and o are continuous except where tany is not defined andcos2t =0, or

dy  cos2t’ dy

where y=(n+4)m, n=..,-2,-1,0,12,..,and = (m + 1)Z, m=..,-2,-1,0,1.2,...
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8(c). R= {(t,y):?% <t< 5—”,—£< y< z}.

4 2 2
2
af 2 J
9(). f(ty)= };—2, Gi = Z_Z f and ai are continuous except wherer=0.
y y

R= {(t,y):O <t<®-0<y< 00}.
9 (b). There is no contradiction. If the hypotheses are not satisfied, “bad things need not happen”.

3

10.  y()=@+(t-1)), s05(0)=@-1) =1=>1 =3.
_ 2 _ 2

11. y(t) = ———, soy(0)=ﬁ=x5.

12 (a). zl(t) = y(t+ 2), SO zl(—S) = y(—3) =2.

12 (b). z,(r) = y(r-2), s0 z,(3) = y(1) = 0.

13@). (i) y=yR2-y)=y -2y=-y"=1-n=-1=m, v=y'=y=v", thus y' = -v*»' and

v =2y =y orv' +2v =1, v(0)=1.
! 1 1
(ii) (ez’v) = = e’y = Eez' +Corv= 5 + Ce™". From the initial condition,
1 1 1
—+C=1:>C=—,andsov=—(1+e'2’).
2 2 2

i)y =v" =

13 (b). —0< 1<
14 (a). (i) y =2ty-2ty° =1-2==1l=m, v=y ' = y=v"' thus -v' =2n~" =21~
orv' +2tv =2t, v(0)=-1.

t

(i1) (e’zv) =2t =e'v=e" +Corv=1+Ce" .From the initial condition,

1+C=-1=C=-2,andsov=1-2¢".

1

(i)y=v" =

1-2¢7""
14 (b). —vIn2 < t< +/In2
15@). )m=1-n=-1,v=y'=y=v ' thus y)==vV' = v +ev> =V =v-¢

orv —v=-e', v(-1)=-1.
(ii) (e"v) =-l=¢'v=—t+Corv=-te' +Ce'.From the initial condition,

e +Ce’'=-1=C=-(l+e),andsov=e'(-1-1-¢) = —(r+1)e’ —¢"".
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IS _1
(lll)y—V - (l+1)€t +et+1 :

15(0). —(1+e)<t<
. 2 1 , 1 -1, 1 1, 1 _1
16(3) (l)l—l’l=2=m, V=y :>y=v2,thus y =5v 2y and Ev W o=y 42
orv' =2v+2, v(0)=1.

(ii) (e'”v)’ =2¢ =ev=—e? +Corv=-1+Ce”.From the initial condition,
-14C=1=C=2,and sov = -1+ 2¢*.
(i) y = ——1 + 2¢* .

16 (b). —%mz <<

1 2 2 1 2

17 (). )m=1-n=3,v=y = y= V3, thus y’ = gv_gv’ . Thent-gv?v’ +v3 =7 3, and so

' +3v=3, v(l)=1.

/ £° 1, C 1 1
(ii)(t3v) =3 ="tv= > +Corv= 5t3 + & From the initial condition, > +C=1=C= 5

and so v = l(f + t'3).

W=

(i) y = v? = (%(ﬁ + f3))‘ .
17(b). 0<t<

2 2 3 3 1 3 1 3 1
18 (a). (i)m=1—n=§, v=y'=y=v? thusy’ =5v2v’.Then5v2v’—v2 = tv?, and

2 2
sov' —=—v=—1,v(0)=4.
3 3

2 2 2 2 3 2 2 2
Tt = ey = —(——te”' - 26_31) +Corv=-—t- 3 + Ce*' . From the initial
3 3\ 2 4 2
.. 3 1 11 o,
condition, -—+C=4=C=—,andsov=—|t+—| +—e*.
2 2 2 2

3

(iii) y = _(1_2165, - (r+ g))z

18 (b). —® <t <
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19.  First,letz=y+1, 7' =-z+1z>, 1-n=3.
1 2 1 2 1 2
Therefore,v = z°, z=v°, 7’ = gv'3v' = gv”v’ +v3=1tv . Then,
v +3v =231, y(0)=1= u(0)=2=v(0)=8and
1
v=Ce™ +at+b, a+3at+b)=3t=a=1, b=-—.
1 1 25
Therefore,v =Ce™ +t——, v(0)=C-—-=8=C="—.
3 3 3
1
2 1 1 25 1\3
Then,v=—5e‘3’ +t——, y=u-1l=vi-1= (—6‘3’ +t——) -1, —o<t<oo,
3 3 3
20. ¥, = 3 by substitution. Differentiating yields
3¢ [ -1 ) 3 [ 9 5
"= +3e™ -3)=- +e =-y+e'y”.
V=175 L(1-3t)2J( ) TR v e
Thusg(r)=e'.
Section 2.6
2
1 (a). Antidifferentiation gives us y? + cost = C. From the initial condition, we have
(_2)2 T 2
5 + COSE = (C=2.Then we havey” =4 -2cost, y=-+v4-2cost.
1 (b). —w<t<oo
y’ 8 5
2(a). y’y' =1, s0 N t = C . From the initial condition, we haveg -1= 3" C.Then we have
Y =3t45=y=3t+5)".
2(). -wo<t<®
2
3 (a). (y + l)y’ +1=0, so y? +y + t = C. From the initial condition, we have . Then we have
2 -2+,/4-8(r-1
y?+y+t=1:>y2+2y+2(t—l)=0,y= 5 ( ).Sincey(1)=0,weonlywantthe
-2+ 4-8(r-1
plus sign. Finally,y = > (1) =-1++v3-2t.
3(b). —o<t=<3
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4 (a).

4 (b).

5 (a).

5 (b).

6 (a).

6 (b).

7 (a).

7 (b).
8 (a).

8 (b).

9 (a).

9 (b).

y?y' =2t=0, so —y"' —¢* = C.From the initial condition, we havel—-0 = C. Then we have

-1
1+

—y_1=t2+l:>y=

-0 <f<®

-2 2

t 1
y7y' —t=0, so y_2 -5 C . From the initial condition, we have C = — 3 Then we have

-2

y

T PN
4’ \/%L_tz N1-47"

1 1
-——<t<—

2 2

e’y +(t-sint)=0, so —e” + (7 + cos t) = C. From the initial condition, we have

t2

-1+1=0=C.Then we havee” =%+cost= y = —ln(7+cost).

—0<f<®©

... .. T
T y' =1=0, so tan'ly — t= C. From the initial condition, we have C = - E Then we
+y

T
havetan™' y=¢t-—, y= tan(t— E) .
2 2

O<t<m
(cosy)y' +17> =0, so siny-t"' = C.From the initial condition, we have0 — (-1) = 1 = C. Then

we have siny=1+¢"'=y= sin‘l(l + t‘l).

o< t<——
2
1
'—1=0.
l—yzy
1 1
1 -1 -1 ) Py 1l 7
By partial fractions, == -2, 2 ,andso—lny+ -—=C.
I-y° y =1 (y—l)(y+1) y-1 y+1 y-11 2
1
From the initial condition, we have Eln 3= C.Then we have
1 1 1 3¢ —1
2 —t2=1n3=1n—(u) = *, and solving for y yields y = ez .
y-1 3\y-1 3e" +1
-0 <t <
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10 (a).

10 (b).
11 (a).

11 (b).

12 (a).

12 (b).
13 (a).

13 (b).

14 (a).

15 (a).

16 (a).

17 (a).

17 (b).

3y’y' +2t-1=0, soy’ + t* — t = C. From the initial condition, we have -1 +1-(-1)=1=C.
Then we have y’ =1+t—1" =y = (1+ ‘- tz)z.
—0<f<®

e’y —e' =0, soe’ —e' = C.From the initial condition, we have C = ¢ — 1. Then we have

e’-e =e-1, y=1n(e’+e—1).

-0 <<
y2 2
yy' —t=0, so 5T C. From the initial condition, we have2 — 0 = C. Then we have
y2 t2
L —=2=y=-A4+1.
2 2
-0 <<

sec’ y(y’) +e' =0, sotany — e”' = C. From the initial condition, we have C =1-1=0. Then

t

we have tany =¢™', y = tan‘l(e‘t).

—0<f<®©

2
2y - siny)(y’) +(t-sint) =0, soy” +cosy + 5 + cost = C. From the initial condition, we

t2
have 0 +1+0+1=2=C.Then we have y*> +cosy = 2—5—cost. There is no explicit

solution.

(r-2)

: L . 1
(y + l)e’y’ +(1-2)=0, soye' + = C. From the initial condition, we have C = 2¢” + 5

2
. 1 (¢-2)
Then we have ye’ = 2e” +5_( 5 )

. There is no explicit solution.

2 2

t 3 3
Iny-y+—=t+C.elne-e+—-=3+C=>C=—=-y+ylny+——-t=—.
ylny-y ) elne—e > y+ylny > 5

N | \O

V4,

1e Y S = 1, so ln(l +e’ ) =t + C . From the initial condition, we have C = In2 — 2. Then we have
+e

ln(l +e ) —t=-2+1In2. We can simplify this expression by taking the natural exponential of
eachside:l+e’ =e' e =2 =¢' =2 *-1=>y= 1n[2€f‘2 - 1].

2¢2-1>0=>1-2>In(})=r>2+In({)=r>2-1n(2)
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1 1 3 1 1 1 1
18. =(4+1?, =4+ ) ===y =y +—y° =0, y(0)=4">=—.
y=@A+17",s0y 2( ) YV Y ALY y(0) >
1 1
Therefore,a=—, n=3, y,=—.
2 2

6 / 4\2 (4,3 -247° 3( Y ’ 25,
19. y= 7, SOy =6(—1)(5+t) (4t*)= > =-24t"| =] =-—-ty . Then we have
S+t (5+t4) 6 3
2 5, 2 6
,+_t =O, =" =3’ =_=1'
O HE A M

20. y +1+siny=4=3y"y +2t+(cosy)y’ =0= 3y’ +cosy)y +2t=0.
Whent=2, y, +4 +siny, =4 =y, +siny,=0=y,=0=y(2)=0.
21.  First,y'e’ + ye'y' + 2t =cost. Then(1+ y)eyy’ +(21-cost)=0. At t, =0, we have

¥, +0=0, s0y,=0,and thus y(0)=0.

1
22. y'zy’=2=>—y'1=2t+C,—ygl=C$—y‘1=2t—y51=>y_1=y51—2t=>y= o
Yo —
) o 1
Require y, —2(4)=O:>y0=§.
y' 1y 1 y . . 1 1
23 (b). =1= ——+ ———=1. Integration gives us—1n|y| - —1n|2 - y| =t+ C.From the
y(2-y) 2y 22-y 2 2

1 1
boundary condition, we obtainglnl - Elnl =2+ C, and solving for C yields C =-2.

2-4
YRRy S A 2¢

y
— = .
2-y Y 1+e**

2-y

Therefore,ln|y| - 1n|2 - y| =2t-4=1In

2

24. y=1+(y+D*. Letu=y+1, u' =1+u, > w=1l=tan'(u)=1+C.

1+u)
Then, y(0) = 0 = u(0) = 1, %=O+C=>tan‘l(u)=t+%=>u=y+1=tan(t+%).

T 3 4
Therefore, y = tan(t+ —) -1, -—<t<—.
4 4 4

u’ +1

1
25. y’=t((y+2)2+1).Lettingu=y+2,wehaveu’=t(u2+1), SO u=t.

2
Thentan™ u = % + C . From the initial condition, we have y(0) = -3 and u(0) = -1, so

tZ
—£=0+C, C=—£, and tan"'u=—-
4 4 2

t2
E. In terms of y, this reads y = -2 + tan| — - kil .
4 2 4
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: fomom e
Setting —— < 272 < 5 and simplifying, we have

T
2

3Jr 3n 3n
——<t<—:>|t| —<t<

=-cost+C.

26. =(y + 1)~ sint. =sint =
y=(y ) (y+1)2 y+l

Then,y(0)=0=-1=-1+C=C=0= —
y+1

= —Cos?.

Therefore,y +1=sect= y=sect-1.

-2
27. 070 +k=0, soQ—2 +kt=C"and Q7 = 2kt - C . From the implicit initial condition, we

9%

1
have Q,” = -C, so Q7> = 2kt + Q,. Solved for Q, we have Q(¢) = \/Zkt o = \/1 20 )
0

1
Thus—Q, = # where 7 is the half-life of the reactant. Therefore,

27 1+2k0c
3
2=41+ 2kQO2r, which, solved for 7, gives 7 = 2kQ02

28. Q' =-kQ’, Q0)=Q,; 07°Q =-k=-Q'=-kt+C, C=-0Q;".
| %)

Therefore, Q™' = kt + Q' = 0 = - , 0(10) = 0.4Q,.

erefore, Q +0,'=0 WO 1+ kO 0(10) 0,
Then, 040, = — 2 =04+ 4kQ, = 1= kQ, = 0.15 and 0= — 2.
1+ k0, (10) 1+ .151

= t =20 min.

Set 0=0250,. Then, 0.25 =
et O Q- Then 1+.15¢

1
29 (a). The equation is nonlinear and separable. H y' -1=0.
Yy

,y=0 Iny, y>0 0)e’, 0
29 (b). |y| = v, yz0 f Y,y — (1) = W( )e_, y>0
-y, y<0’ b~ |-Iny. y<0 ¥, y<0

Since y(0) = 1> 0, the solution y(7) = v(0) =1 will be identical to that of

y' =y, y(0)=1 aslong as y(¢) = ¢’ = 0. This is true for all 7, however, and so the two solution
curves agree.

29 (¢). If y(0) = = -1, is y(t) = —e”', but the solution of

y =y, y0)=-1,is y(r)=—¢'
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30. y' =—y’is graph c. y' = y’is graph a. y' = y(4 — y)is graph b.
K
31. (E + 1) S"+a=0,s0KInS + S + at = C. From the initial condition, we have

KInS; +S,=C,s0KInS+S§=-ar+KIn§, +S,.
32(). y'=flat+Py+vy),z=at+ Py +v,7 =a+ Py =a+ pf(z). Therefore, g(z) = a + Bf(2).

32 (b). y' =f(l),z=l,z’ =—12+y—,=—§+&.Therefore, 17'=g(x)=-z+ f(2).

t t t t t t
V-1 y
33.  First, simplify the equation for y"y' = <L and letz = =. Then we
y/ +1
!
' 1 ' 1 ' Y . . . < -1
havez' =-y' - —y=> 1z’ = y' = =. Substitution gives us 7z'=>——z,z(2) =1. Thus
t t t z+1
-z° -1 1 1
Ny Z2+ = ——. Integration gives us —ln(z2 + 1) +tan”'(z) = —Inl + C, and with
z+1 77 +1 2

3
our boundary condition z(2) =1 we substitute, simplify and find C = Eln2 + % Since

2
Z=X,lln((l) +1\ +tan"(l) +lnt=§ln2+£,t>0
t’2 L t J t 2 4

+1 z-1
34,y =2 o yitrly = f)="a=f=y=1.
y+r+1 z
-1 2z-1 1
P - S S z’=1.Therefore,£+—1n|2z—1|=t+C.
Z Z 2z-1 2 4

y1)=0=z(-1)=0=C=1 and

y+r+1

§+iln|2z—1|=t+1=> +%1n|2y+2t+1|=t+1:>y—t—1+%ln|2y+2t+1|=0.

35.  Letting z=1+y,wehavez' =1+ y’,and so z' = z°,z(1) = 3. Separating the variables, we

!

1
havez—2 =1= ——=t+ C. With our boundary condition, we substitute, simplify, and

< Z
4 -4 2
findC = -+ Thusz = —— and so y = -+ 3!
3 4- 4 -3t
1 3 2z+3 z
36' ,=—’ 1=0, =2t+3 +1,,=2+—’ 1=3' I = = I — .
y 2t+3y+1 Y() < y Z ZZ() Z 2z+3z

3 3 3 1 3
Integrating, g—zln|2z+ 3= t+C,E—Zln9=1+C:>C= E—Zln9.
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3 1 3 3
Therefore, %— SRz +3=t+=-=In9=z- 51n|2z +3=2t+1- Eln9 and

3 |4 1 |41
2t+3y+1—§lnw=2t+13y—gln$ -0.

b ! ! ! 1 . .
Lettingz=2¢t+y,z =2+ y and wehave 7 -2 =7+ —,z(l) = 3. Let us rewrite this

37.
z
’ 1. To integrat it < ’(1 1)'1“ f
asz = 1. To integrate, we write —————7' = | —— - 7' =1. Integrating,
2 4+2z+1 g 2 +2z+1 z+1 (z+1) gratng

1
In|z + 1| + —— = ¢ + C. With our boundary condition, we substitute, simplify, and find

z+
3 1 3 3
C =1In4 - = Therefore, Injz + ||+ ——=t+1n4 - = =1t + y + 1|+ =t+Ind-=.
z+1 4 2t+y+1 4

2
1 z 1 1

38‘ tz = 2 - s _2=2’ ’=(X) _X’ =X’ "=- ‘- -— = ’=_, _2 =—1.
Y=y —ty,y(=2) y 2 2="2 t(z 2) ; Z(Z_z)z 2(=2)

Y _
z-2 t 2

1’z

z7—2

1’z

1
—In|
2

3 3
= — = = —,
4 4

vt

Integrating, —%ln|z| + %ln|z -2|=Inlf+C,C = %ln(g) . Therefore,
3

()

=—In|—| =

2 \4

When t=—2,y=2,then%—2=—3andyt=—4,so %-2:2371,

8t V3

Solving fory, y = < — .
SO Y= 5t

39(). J1-y* =0=y, ==1. If y()=y,,y(t)=y, fort>1

Section 2.7

. . . 2 . . e
H =N =2y-t,and integration givesus H = y" -1y + ¢(t) . Differentiation
2

yieldsH, =M =-y + ¢’(y).¢’(t) = 2¢, and integration gives us ¢(z) = *.

Thus H = y* — ty + t* = C.. Substitution with the boundary condition gives us H (1,0) =1=C,
- 37

t=N4-38 t—+
——— . Since y(1)=0, y=——"——

and soy’ -ty + £ =1=0. Solving for y: y = >

1.

o |
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M=y+ £, N=t+ y3, M, =N, =1,s0 the equation is exact.

4
H,=M=y+t3:>H=yt+tZ+¢(y) and

y4
Hy=t+¢’(y)=N=t+y3:>¢’(y)=y3:>¢(y)=7.

4 4 4 4
Yy

t t
Therefore, yt+z+yT=C, y0)=-2=C=4 and I+yt+z=4:>y4+4yt+t4=l6.

1
First, rewrite the given equation as — 1y’ - (3t2 + 1) =0, y(0)=1. Then H =M=-3-1,
v+

and integration gives us H = —* -t + ¢( y). Differentiation yields

H =N=—

1
Vil .¢’(y) = T and integration gives us ¢(y) =tan"'y.

T
Thus H = -1 — ¢+ tan™' y. Substitution with the boundary condition gives us H(0,1) = 1 and
3 -1 T . . . . 3 JU
SO -t —t+tan” y = 1 The explicit solution is y = tan(t +1+ Z) .

4
3 ) ) ) y ) . )
H =N =y" +cost, and integration gives us H = T + ycost + ¢(z) . Differentiation yields
H,=M=-ysint+ q)’(t) .¢’(t) = -2, and integration gives us ¢(t) =-2¢t. Thus
4

= y? + ycost—2t= C. Substitution with the boundary condition gives

3
usH(O,—1)=—Z=C,and so y* +4ycost-8t+3=0.

H,= M =e¢'e’ +3¢°, and integration gives us H = e'e’ + ¢* + ¢(y). Differentiation yields
i ' : : . 2 y 3 2
H =N=e'e +¢ (v).¢'(y) =2y, and integration gives us¢(y) = y>. Thus H =e'e’ +1* + y’.
Substitution with the boundary condition gives us H(0,0)=1,and so e'e’ +1* + y> =1.
4
33 : . . Yy 3 . .. .

H =N =y’ -, and integration gives us H = i yt* + ¢(1). Differentiation yields
H =M=-3yt" + ¢'(1).¢'(1) = -1, and integration gives us ¢(t) =—t. Thus

! 23
H = y? — y£’ —t = C . Substitution with the boundary condition gives us H(-2,-1) = i C,
and so y* -4yt —4t+23=0.

H, = M = ty’ + cost, and integration gives us
1 : ,

H = 5t2y2 +sint+¢(y).H, =y + ¢ () =N =" +1y. ¢'(y)=e¢”. Thus
1 1

H = 5 £’y* +sint + Eezy . Substitution with the boundary condition gives us

1 1 1 3
H(E,O) =1+==C,andso =y’ +sint+—e” = =,
2 2 2 2 2
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8. M = ycos(ty) +1, N = tcos(ty) + 2yey2 , M, =N, =cos(ty) - tysin(y) , so the equation is
exact. H, = M = ycos(ty) + 1= H =sin(ty) + t + ¢(y)
and H = tcos(ty) +¢'(y) = N = tcos(ty) + 2yey2 =¢'(y)= 2yey2, and so ¢ = ¢*’. From the

initial condition, we have 0+ + 1= C, and thus sin(ty) + ¢ + e =+,
9. N,=2y,M =2y.H =M= y*> -1, and integration gives us
1
H= (y2 - l)t + (p(y) H,=N=2ty+—.ThusH = (y2 - 1)t+ 1n|y|. Substitution with the
y

boundary condition gives us H(1,1) = 0, and so ( y? - 1)t + 1n|y| =0.
10. H =N =2ylnt-1siny, and integration gives us H = y*Int+tcosy + ¢( t). Differentiation

2
yields H, = M = Y tcosy+ ¢'(t).¢'(1)=0. Thus H = y’Int + fcosy = C . Substitution with
t

the boundary condition gives us H(2,0)=2=C,and so y’Int+tcosy-2=0.

11. N, =2= M. Integration gives us M(t,y) =2y + (/)(t).

12. N =1 +y’sint, N, = M, =21+ y>cost. Thus M =2ty +y—33cost+¢(t).

13. N, =¢’ +1= M,. Integration gives us M(t,y) =e’ +y+¢(1).

14. M, =1= N,.Integration gives usN(t,y) =1+ ¢(y).

15. M, =2ysint = N,. Integration gives usN(t,y) =-2ycost+ (/)(y).

16. M, = 2yey2 +2t= N, . Integration gives usN(t,y) = 2tye}’2 + 1 + (p(y).

17.  From the boundary condition, we set =0 and obtain 1+ y; = 5 from the implicit solution. Thus
yo=+2,and M =H, =3y +e andN =H, =1 +2y.

18. 2ty +cos(ty) + y> =2, y(0)= Yo- N=H, - 2t—tsin(ty) +2y, M =H,=2y- ysin(ty).
O+1+y,=2=y,==I

19.  From the boundary condition, we set =0 and obtain ln( yo) +1=1.Thusy, =1, and so
1

2t+y 2t+y
20. Y +4y+1t+1=0, yO)=y,. N=H =3y’ +41, M=H, =4y+4r.
23 (b). Multiplying by 1, we have 4t%yy’ + (y2 - t)t_% =0 ,y(l) = 0. Extracting M and N and
b

1 -
Zand N, =2yt %. Thus the equation is exact.

M=H, = + e’

+2t+ye” andN = H_ =

y

differentiating, we have M =2yt

. - 2
23(c). H =M=yt )2 t %. Integration gives us H = 2thy2 - gt% + ¢(y). Differentiation gives

N a , () = D o 2 23
usH =N =41 y+¢(y),andthus¢(y) 0. Our implicit solution is thus 2yt 3t C.

4
From the boundary condition, we have y(l) =1, and substitution yields C = 3
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24 (b).

24 (c).

25 (b).

25 (c).

26 (b).

26 (c).

27 (b).

27 (¢).

2
Solving the resulting equation for y yieldsy = = %(t + 2t ) . We choose only the positive

root here after examining our boundary condition.
Multiplying by u, we have(tzy + y'l)y’ +1y?=0,y(0)=1.

t2 2
H, = M = ty’. Integration gives us H = Ty + ¢( y). Differentiation gives

2.2

Ly +1n|y|=C.

2 ' ’ -1 . . . . .
usH =N =1y +¢'(y),and thus ¢ (y) =y~ . Our implicit solution is thus

From the boundary condition, we have y(O) =1, and substitution yields C = 0. The solution is:
£y +2In[y|= 0
N -M, 1
N, =2,M =1.—"=—
2 M y
thus (21y + y2)y" + y* =0, y(2) = -3.
H, = M =y’ and integration gives us H = y’t + ¢(y). Differentiation gives

,and thus u = ¢ = y. Our new problem is

usH =N =2yr+ ¢’( y). Further differentiation shows us the equation is exact. Integration
1 1
gives us ¢( y) =3 y>. Thus H = y’t + 3 y>, and substitution with our boundary condition gives
1
us our explicit solution: H(2,-3) = y’r + §y3 =9, and we can simplify this to3y’t + y* = 27.

M, -N,
N

Sint

5
= and thus = ¢°™" = £*. Our new problem is thus t°y*y’ +2£7y° = > = 0, y(l) =-1.

1 £°
H, = M =2y’ - ¢ and integration gives us H = 3 yt® - 3 + ¢( y). Differentiation gives

6

1 t
usH =N = Ve + ¢’(y). ¢’(y) =0.ThusH = §y3t6 e and substitution with our boundary

1
condition gives us our explicit solution: H(1,-1) = C = 5 and we can simplify this in its

-3
27°

general formto y =3

(1)

M,-N, 2y-y

N 1y
thus 2y’ + 1y* + te' =0, y(1) = =2.

1 .
=7 and thus y = ¢ = ¢"' = ¢. Our new problem is

H =M= t)/2 +te' and integration gives us H = 5y2t2 +te' —e' + (/)( y). Differentiation gives
us Hy =N=yt’+ q)’( y) . Further differentiation shows us the equation is exact. Integration

1
gives us ¢( y) =0.Thus H = 3 y’t’ + te' — €', and substitution with our boundary condition

gives us our explicit solution: H (1,—2) = C =2, and we can simplify this in its general form to

4 +2e" = 2te'
y== # . We will choose only the negative answer for y here after substituting

our boundary condition into the final solution.
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: 1 .
28 (b). Y; ! = ;, and thus u = y . Our new problem is '[hus(3>ty2 + 2y)y' +y' =0, y(—l) =-1.

28 (c). H,= M =y’ and integration gives us H = y’t + ¢(y). Differentiation gives
2 ’ ' 3 2 . . .
usH =N =3y t+¢ (y) ) (y) =2y.ThusH = y’t + y“, and substitution with our boundary
condition gives us our explicit solution: H(— 1,—1) = C =2, and we can simplify this in its
general form to y’r+y*-2=0.

Section 2.8
. . A A
1. From equation (5), we see that the solution of P’ = rLl— FJ P; P(O) = F,
. RP .
18 P(t) = : . Assume the following values:

A
r=0.1; Pe =3; P(t)=0.9f2 =2.7; and PO = (.1 . We then substitute these values into the solution

and solve for #: t = 55.645 years.
2. P,=5; P(1)=1.1P, =3.3 =t ~14.8 years

-0.3
3. Assume P(3) = 2. We then substitute into the solution and solve for F,: F, = 1662—_03 ~1.7911
+2e™
million.
3 13
4(). PP-P-M=P'-P+—=0=P,=—,~.P'>0for l<P<§,P’<Ofor0<P<l,P>é
16 4 4 4 4 4 4

3 3
4 (b). limP(¢)= 1 since P(0) > 1 (see direction field 11).

1
3 1= 31
5 (a). P2—P—M=P2—P+R=O.SolvingforPyields e=—é=——.
P’>Oforl<P<§,P’<OforO<P<l,P>é
4 4 4 4

3 1 3
5(b). limP(¢)= " since 1 <P0) < 1 (see direction field 11).

t—>00
1

1
6 (a). PZ—P—M=P2—P+Z=0:>P6=§.
P’<Of0r0<P<l,P>l
2 2

1
6 (b). limP(r)=0 since 0 <P(0) < 5 (see direction field 12).
2 2 1 . . 1xv1-1
7(). P°-P-M=P —P+Z=0.SolvmgforPy1eldsPe=T=
P’<Of0r0<P<l,P>l
2 2

N | =

1 1
7 (). limP(r) = 5 since P(0) > 5 (see direction field 12).
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8 (a).

8 (b).
9 (a).

9 (b).

10 (a).
10 (b).

11.

12.
13.

14 (a).

1 1
PP-P-M=P-P+—=0=P =—.
4 2

1 1

P <0forO<P<—,P>—
2 2

1 1
limP(¢) = 5 since P(0) =P, = 5 (see direction field 12).

P?-P-M=P?-P-2=0.Solving for P yields P = 2,-1. But P, =2 is the only possible
equilibrium population. P’'>0 forO <P <2,P' <0 for P>2
lim P(7) = 2 since P(0) =0 (see direction field 13).

P’-P-M=P*-P-2=0=P,=2. P'>0for0<P<2,P'<0for P>2
lim P(7) = 2 since P(0) =4 (see direction field 13).
The equilibrium solutions are the roots of P - PP-PM= 0. Since the roots are 2 and 1, we

2
know that P* = PP~ PM =(P~2)(P~1)= P* =3P+ 2. Therefore, P, = 3 and M = -5

P>—PP-PM=(P-2)"=P?—4P +4.Therefore,P, =4 and M = —1.

The equilibrium solutions are the roots of P> — PP-PM =0.Since the roots are -1 and 2,
we know that P>~ PP~ PM =(P-2)(P+1)= P* -~ P~ 2. Therefore, P, = L and M =2.
P’-P-M-= (P - Pl)(P - PZ) = -M = PP, >0= M < 0. Therefore, migration out of the
colony.

dP
14(bc).P’=_(P-Pl)(P—P2)=f(P_P)(P_P)=—t+C.Since
2
1 |p-p -P P,-P,
(R-P)>0, ln| 1|=—t+C= L=Ke” K=-"—and A=P-P,>0.
PI_PZ |P_P2| -2 0~ 12
(1).1f P(0)> P, > P,, then P(¢)— P, >0 and P(#)- P, >0 and K > 0. Therefore,
P -P
P-P (P-P Pl_Pz(PO Pl)e_h
— 1=( 0 l)e'h.Solving for P:P(t)= ¢ 2 . Since
p-p, \P-P, (BB,
Po_Pz

P, - P,
0< (PO Pl) <1land A > 0, the denominator remains positive for all 7= 0.
0o~ 12

In this case, limP(¢#)= P, .
(i1).If B > P(0)> P,, then P(¢#)- P, <0 and P(#)- P, >0 and K < 0. Therefore,

P -P
P-P,  (P-P Pl_Pz(PO Pl)ew
-—— 1=—( 0 _ 1)e"’”.Solving for P:P(f)= ¢ 2 as in (i). Since
P-p_\P-P (PR

Po_Pz

P,-P
(ﬁ) <0 and A > 0, the denominator =1 for all ¢=0. In this case, limP(¢)= P, .
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15 (a).
15 (b).

15 (¢).

16.

17.

(ii1). If B > P, > P(0), then P(f)- P, <0 and P(t)- P, <0 and K > 0. Therefore,

P -P
P-P (P-P Pl_Pz(PO Pl)ew
— 1=( 0 l)e'“.Solving for P:P(1)= e~ as in (i). Since
P-P, _\P-P, (PR
Po_Pz

-1
P,-P P-P h(P-F

0 111 —21>1and A >0, the numerator becomes zero when e = 1| 1—2| |
P-P) \P-P, AV

PI_PO

2 0

-1
Call this time #,. The denominator becomes zero when ™ = ( ) . Call this time ¢,.

Note that ¢, > ;. Therefore, t = Alln(g) . In this case, P(#) =0 and the model ceases to

2 0
be valid for 7> ¢,.

—-(P*-P-M)= —(P - P1)2 =-M-= P12 >0 = M <0. Therefore, migration out of the colony.
1
-(PP-P-M)= —(P - P1)2 =2P=1=PF=P, = 5 Integrating,

dP
I = =—t+CwithC=-
(P-BY  P-P P-P
1 1 1 1 1
—— - = =1+ = P()=P +———
P-P" " R-R P-B  PB-R

. Therefore,

F-H
If P, > B, then lim P(¢) = P, since the denominator is non-zero.
—> 00

If P, < P, then P(r) = P, +
t

=P - and lirrll P(t) = - . Also,

11—
t P =Py

1 1
Pl_Po Pl_PO

P(t)=0 when - ! = l and the model ceases to be valid.

P’ =r(n)1- —)P = ———=-r(t). Integrating,
A

P,.-P
=Ke® K =0 "¢ Therefore,

0

P-P
P

Y

ln‘ =-R(H+C= ‘%

e _ POPe
1-Ke™” = P —(P,-P)e™*"’

P(1) =
1
The IVP is P’ = (1+sin27)(1- P)P, P(0) = 2 We can separate the variables and

P’ 1 1
obtain ——— = (— + —) P’ =1+ sin2nt . Integrating both sides of this equation gives
P(1-P) \P 1-P

usIn|P|-In|l - P| = In

1 P‘ =t- 2—cos 2mt + C . With the initial condition, we can substitute
- T

1
and solve for C: C = — —1In(3).
2w
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. . . . 1 3P I+f( cos2mt+1)
Thus our explicit solution is In +In3=t+—(-cos2m+1) = ——=¢ 7 ,
- 2 1-P
1
which we can simplify to P(7) = . Therefore, limP(z) =1.
36—(t+g(—cos2m+l)) t—>o0
18. P’ = k(N - P)P = —— = -k . Integrating,
( ) P(P-N) grating
-P -P -P
In N ‘ =—kNt+ NC = ‘NT‘ =Ke™ K = N-F . Therefore,
0
P(1) = N NP,

1+ Ke™ P, +(N-P)e™’

19. ThelIVPisP = k(2 - P)P, P(O) =0.1. We also know that P(l) = 0.2 . We then separate
' 1/ 1 1
variables and obtain = —( )P " = k. Integrating both sides of this equation
(2-pP)p 2\2-P *p
) 1 1 1|, ( P . L iy
gives us ——ln(2 - P) +—InP=—|In = kt + C . With the initial condition, we can
2 2 2|l 2-p)
. 1. (0.1) - .
substitute and solve for C: C = ElnLl_ J . Thus our explicit solution is
L, ( P ) Loy . -
— lnl\ /J =kt + Elnl\E J . Using the second boundary condition and substituting, we

2 1 1 1. (1
have—ln(—\ =k+ —ln(—\ . Solving for k yields k = —ln(—9\ . Our explicit solution is
\18) """ 72 " 119) 2 19
2(19Y
P 1. (1 1 1 190 9
thus — ln( ) = —ln(—g) t+ —ln{—) , which we can simplify to read P = k J .
2-P 2 9 2 \19 i( 9\
1919
At =5, P =1.3763million infected.
20 (a). (A-B) =—kAB +kAB =0, A(t)- B(f)= A(0) = B(0) = 5 -2 = 3 moles.
20(b). B=A-3, A'=-kA(A-3)=k(3- A)A, A0)=5.
20 (c). A()=4, A' = 3k(1 é) A . Using equation (5), A(¢) = L Thus A(¢) = L
. - - 3 . g q ’ - 5 _ (5 _ 3)6_3kt * - 5 _ 26—31(1‘ °
15 . YR e D
We know that A(1) =4, so PR 4. Solving for ™" yields e = ry Thus
-2e

15
A(4)=———"7=3.195 moles. B=A-3=0.195 moles.
5
5-2(3)
8
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P 1
21. P’ = r(l— F)P, P(O) = P,. Therefore, P' - rP = —%Pz,v =P'=P=—and P =-v?'.
g v

e

_ _ ro r oo 1 )
Thus, vV = ' =——Vv7 =V 4+ v =—= (e”v) =—e" = e"v=—¢" +C.Using the
Pe Pe PF P

e

boundary condition and substituting,

1 1 1 1 1 1 1 1
ve—+Ce"v(0)=—=C=—-—and —=—+|—-—|e". Solving for P,
P, P, P, P P P \P P
_ POPe
P +(P.-P)e"’
Section 2.9
_k, 1 NLUE |
1. Withv, =0,v=—%{1—e m ) . Setting y=--"8 givesusl-e " =—.
k| J 2 k 2
k
Thuse ' =+, X ¢ 22,0 = Min2.
2 m k
d ey 3000
2 (a). m—v+kv=0=>v(t)=voe’",m= slug
dt 2
4 e 22 12 3000, (22
M=5—0=e 304 =ln(—) =—8k.Then, k=—ln(—) =34.7251b -sec/ ft.
v, 220 5 3000 128 5

4
my _ak
= O(I—e”’)
0 k

=3000(220.5280)( 1 )(170)’%673]?'
32 3600 /\ 34.725/\ 220

!

Y K _ K _
3. mv' +kv' =0=>—=-—=-v"'=-—1+C,C=-v,” . Then we
v m m

2(b). d =J:)4V(t)dt = voﬁje‘ﬁ’d; - VO(_%e-,ﬁr)

- K - V - .
havev' = —t+v,” =v= TO . From the condition provided, we
m
I+ —vt
0
m

5
1_7
w4) 50 1 K 17
( )= = =>4—v0=i=—.801vingforl<
v 220 L.k m 5 5
0
m 22

_ 17 m 17 3000 1 5280 1b - sec?
yieldsk = ——— = ———-— = 220(—) ~ 247 ————.

54v, 5 32 4 ft

have
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For the distance traveled,

4 4 dt 4 dt 20 17
d=[ v(t)dt =v, =V, —=v0(—)ln(l+—t)
fo fo1+KV°t fol+17t 17 20

m 20

=220(52ﬁ)(2—0)1 (1+£) 5624 ft.
3600 /\ 17 5

mv' + kv =-mg,v(0)=v, :v(t)=—%+(vo +%)e "

Sety - 0: 28 S 1y B b B 100 g, B[54 2

k mg m mg mg
k kAl
(oo (C1mE (8 g e L, me)
h—fo v(t)dt—fo[ P +(v0+ k)e ]dt [ kt k(vo+ k)e 0
k
SIS (e
KTk k) J
mﬂ= —mg + kv’. @—ﬂ/ﬂ.Therefore, mvﬂ=mg+kv2,v(yo)=0.
dt dt dy dy

Terminal velocity: v, = —, /% . Solving the separable differential equation:

1 1
mf ;}dv m —Injy? ——‘ y+C,C=-y, +—ln( ) Setting v=—v,_ =-— mg and
kv™ —mg "2k 2k k 2 2V k
. m_ (4 m_ (4 m_ (4
solving fory: y =y, - 2—kln(§) . Therefore, Ay = y, - (yo - ﬁln(g)) = ﬁln(g) .

d
m?‘; = -mg . Thus v(t) =-gt+C ,v(O) = 0= C =0. Integration then gives

2
us y(1) = _gtz + D,y(O) =y, = D=y, Setting y(#) =0 and solving for ¢ yields ¢* = Eyo ,

and so the impact time¢" = /2 Y / g . Substituting this value into our equation for v gives us the

impact velocity: v(t*) =—y27,8 .

dv k , dv k , dv k , k x°

—=——XV=2V—=-—XV=>—=-—x" =v=-——+C . Whenx=0,v=y,.
dt m dx m dx m m
1
X m m \3
Therefore, vy =C ,and so v=—-——+, andxf3 =3—y,=x, = (3—\/0) .
m k k
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10.

11.

12.

13 (a).

mvﬂ = ko’ = ﬂ = —ﬁxv = ﬂ + ﬁxv = 0, which is a first order linear DE.

dx dx m dx m

d [ w2 k2 k2
d_ e"v|=0=v=Ce " ,C=v,=v=y,e 2"’.Slncev>0,Osx<00,xf=00.
X

d dv k ok ?
o ket =y L g LK =C.ThenC=vL——,andso
dx dx m 2 m 2 m
1
2 2 2
V= 2[VL_£+£€_XI =v= [v02 - 2£(1 - e"‘)] dfv,)” = 2k , then v>0 for all nonnegative
2 m m m m

2k 2k —x .
X andxf =00, vao2 < —, then we havevo2 = —(1 -e ) , which, solved forxf ,
m m

2
yields x, = —ln(l— mzvl: ) .

1
mvﬂ=_ﬂ=ﬂ= k(—)=v=—ﬁln(l+x)+C,v0=C.
dx 1+x dx m m

my,

k mvg
Therefore,v = v, - —In(1 + x) and =In(l+x,)=x;=e¢ % -1.
m

m? +kv* =0,v(0) = vy, x(0) =0 . We want to find v when
1
d d k Ay LI
x=d. mv—v +h=0= & +—v=0=v=Ce " .From the initial condition, v =v,e " , and
dx dx m

_k
soatx=d,v=ve " .

d !
m - —-mg + Kv’; v( yo) = 0. We separate the variables and obtainn;L = 1. Integrating

dt Kv' —mg

both sides of this equation yields %ln‘l(v2 - mg‘ = y + C . From our boundary condition, we

substitute and solve for C: C = %ln mg - y, . Thus our explicit solution is

ﬂKln‘sz - mg‘ =y+ %lnmg -y, Since the object is falling, we know that Kv* — mg <0, so
we can rewrite this solution without the absolute value
bars: %ln(mg - sz) =y+ %lnmg -y, With a little algebra, we can simplify this to

Ky,

. 2 _ 2%(}'—}’0) _ 2 _ T .
read: Kv™ = mg|l—e At y=0,we haveK(v(O)) =mg|l-e and the impact

velocity is %\/1— e
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13 (b). v_(terminal velocity) = m% =120 . Substitution gives us

Ky,

K
=90 = "8/ 1-¢ """ =120V1-¢" " ,and we can simplify this 028 _p 1)
m  |16)

. 1
Converting (120 mzle%l )(5280 feey ile) ( 3600 hour%ec ond) =176 fee%ec ond

176 = ,/— = 2— and solving for— ylelds

= ln(16) and solving for y, yields y, ~400.11 feet.

d
14 (a). m = -mg — kv = mv d—v = -mg — kv . Solving the differential equation yields
Y

dt
E(V—%lnv+% =-y+C.Setting v=0andy=1y,,we
k k k
) 1/ mg : mg m 1(mg ? kv
obtain:C =y, ——|—| In . Therefore, y,—y=—v—-—|—| Inl+—
g\ k k k g\ k mg
. . m t
14 (b). v, (terminal Veloc1ty)=—7g.Set y=0v=v, ..v,=-176 f‘ee/ec,vlmpaa=_132f‘ee/seC
kv,
v, = L™, m-(’"g) Infl + —229 | = 615.93 feet .
gl k™ k mg
dv 5
15 (a). mv—+Kxv" =0,v=v, when x=0.
dx
dv K, Kox> K’ ‘
I5b). —+—xv=0=|e?v| =0=v=ye > .Setting x=d andv =0.01y,, we
dx m L )
Kod? 2
_kod” d 2
have0.01y, = ve " 21(20— =In100. Solving for k yieldsk, = d—TlnlOO.
m
M, M
16 (a). mvﬂ=—Gm2 +KV :@=£v—Gz"v‘l,v=0whenr=Re+h.
dr r dr m r
1 1 .1 1 M, _:
16 (b). Bernoulli equation: 1-n=-1=n=2,u=v=v=u’ :ﬂ——u @—EuZ—G;’u 2
dr 2 dr m r
du 2 2GM
—u——Ku— —= . Therefore,
dr m r
2k ! Z’T”(r 2k 2K ., +h _Z’T”(r
(e_wu) =2GMee — = "y e oy 2GM, e —dr
r r=R,+h r=R R, r
2K e +h _%r
=0-e¢ "y -2GM, e ar
r=R R, r
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17 (a).

17 (b).

18.

‘ d” « R, +h @
Sinceu = Vz’v = d_ < O’Vimpact = _e"l(R") 2GM€fR 2 dr
t r
1
h e—%‘s 2
Let}" = Re + 5. Then vimpact == 2GM€J‘0 zds
(Re + s)

1
Vi=-gv,=0=v=-gt=y =y= —Egt2 +Y, - We want to find the time ¢ at which y=7.

32
Thus7 = —7t2 + 555, and solving for 7 yields ¢ = 5.852 sec. At that time,

v=-32(5.852) = -187 .3 ft/sec.

!

[k k, E o omg k
mv' +kv=-mg=v +—=-g,v,=0.Thus | ve" | =-ge™ =ve” =-—=¢" +C.From
m L ,J k
L . mg
the initial condition, we have C = — , and so
m ( -t ! / m —ﬁs\t
v=——gl\1—e " /I :>y=yo+ﬁ)v(s)ds=y0——l\s+;e " /J
0
1
_k, >3 41
=)’0—E(t+E e —1\\ m=—2= slug,
kT kL J) 32 8-16-32
41
S0 = ~5.56098 sec™ .
k  8(16)(32)(0.0018)
41 . .
mg = 8(16) ~(0.3203125 1b, and so solving for ¢ yields

-t

7 =555 - 177.95139(t -5.56098 [1 — g3360% D =t =7.08513 sec. Substitution gives us

-7.08513
= M [1 — ¢ 556098 } =~ —128.18 ft/sec.

0.0018

mg =1801b.For0 <t <10,V =-g, v(0)=0.
For 10<t <14, mv' + kv = -mg, y(14) = 0.

For mg =200, 220 - 102220 _, ; _ 3600(200)

= =13.63636364.
k 3600 5280(10)
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18 (a).

18 (b).

18 (c).

18 (d).

19.

v=—gt Att =10,v = =320 ft / sec.

Solvev' + Ev =-g,v(0)=-320, for v(4).
m

_ky 180 180 _13.63(32
V(f)=—@+(v0 +ﬁ)€ " ﬁV(4)=——_+(—320+—_)e mi) 2(4)
k k 13.63 13.63
=-13.2-306.8(.000061469) = —13.219 ft / sec (basically the terminal velocity).
4
__r _( s, _ mgf_my x| M8 n E(—%_)
h= ﬁ)v(t)dt—(kt [V0+k]( k)e ) = (4)+k(vo+k)e 1

0

4 Ly 40 1 1 i
=_mg_ﬂ(vo+%)(1—e )= 180) _ 180 (—320+L0_)(1—e i )
Kk k 1363 32(1363) 1363

=52.8 -0.4125(-306.8)(0.99994) = 179.347 ft.

1
Ry toon =1+ Eg(lO)2 =179.347 + 1600 = 1779.347 ft.
R : v 3000
For the first situation,mv, + kv, =0,v, =ve " ,m = 3—2, k =25.Then
-25-32
20 e300 = = ﬂlng ~5.556 sec.
220 25(32) 5

oo / k e .
For the second situation,mv, + k(tanhz)v, =0,v, + —tanht(vz) = 0. This is a first order linear
m

!

. . — In(cosht) L3 * _k
equation. Letting u = e” = (cosht)m , we have(v2 (cosht)m) =0=v, = C(cosht) m

From the initial condition, we havecosh(0)=1=C = v, .
m 3000
_k k 220\ 32:25
Thenv—2=(cosht) m => cosht, = () = (—) .
Vo L Vv, ,J 50

22
In(cosht,) = 3.75 ln(?) ~5.55602 => cosht, =~ 258.79 ,s0 t, = cosh™'(258.79) ~ 6.249 sec.

This would be expected, since the size of the drag coefficient would be less for the second
situation. Comparing the two values gives us?, = 0.89¢, . These values do not seem appreciably
different. However, it can be shown that this difference in stopping time leads to a difference in
stopping distance of approximately 110 ft. If this distance is important for a certain situation,

then the idealization is not reasonable.
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20.

21.

22 (a).

22 (b).

22 (c).

23.

my' = -mg +kv>,v(0)=0=V = -g+—v’ =—
m m

K K K
S

1

1 A B 1

mg = + =>A=———=,B=- .

V-2 /% v+ /% ) /% 5 |78

K K K K K
1 L [me

Therefore, In K
2 |8 |, |mg

K K

i Cv0)=0=>C=0and- " <v<0.
K

m

[mg|  [mg [ ol
V- — - ks 2!
-1 1_ m
then (VAo
Ve "%‘ [ms, SR m
K K

5280 200 Ib-sec’
10 mi / hr = 10(—) = 14,67 ft/sec. Then14.67 = .| =— =K =~ 929 =~

3600 K t

m0?0" = —mgtsing = m> 22 = m’w®® - _mglsin®
dt d6

d
méza)d—Z= —mglsinf and w =-w, when 6= 0,.

2 2
mﬁz% =mglcosO + C, mfszO = mglcosB, + C

2 2
= mfz%— mglcos = mfszO— mg/ cosb,

2 2
When 6 =0, mﬁz%— mgl = mﬁszO— mg/ cos6,

2 2
=>a)2=( 2) mﬁzw—°+mgﬁ—mg€cosﬁo
m/l 2

2
== \/a)é +7g(1—c0590).

2 2
méz% =mglcosO+C, w=w, when 0 =0.Therefore, C = mﬁszo—mgﬁ, and so

2 2
3
mﬁz% =mglcosf + mﬁszO— mg! . We know thatw = 0 when 0 = % ,
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mgl méza)o2 2 ( 1 ) g

SO —— 4 0 el = 0=, = ——mal|1+—|=2(2++2).

N L RN [ (2+2)
Thus w, = %(2+ \/5) = 16(2+ «/5) =~ 7.391 rad/sec.

Section 2.10

Note: for exercises 1-5, h=0.1

1), Yoo =y +h(26,-1),5, =1y, =0

1(b). y,=0.1,y,=022,y, =036

1(). y=t’-t+C,y)=C=0=y=1t"—t¢
2@. y,=y.—-hy.t,=0,y,=1

2(b). y,=09,y,=081,y,=0.729

2(). y=Ce',y(0)=C=1=y=¢"'

3 (a). Yern = Ve — h(tkyk)’to = O’yo =1
3 (b). Y, = 1,y2 = 0.99,)73 =0.9702

t2

3 (c). y=Ce_7,y(0)=C=1=>y=e_7

4@). Yy =y+ h(_)’k + tk)’to =0,y,=0
4 (). y,=0,y,=001,y,=0.029

4(c). y=Ce'+t-1,5(0)=C-1=0=y=¢"+1-1

50). Y=yt h()’kz)’to =0,y,=1
5(). y =1.1y,=1221,y,=1.3700841
1
5 (¢). y'zy’=1,—y_1=t+C,C=—1:y=ﬁ
6(a). Yy =y, +thyty=-1y,=-1
6(Mb). y=-11 y,=-121, y,=-1.331
6(c). y=Ce',C=-e=y=-¢"
11 (a). (i)Euler’s method will underestimate the exact solution.

(i1)Euler’s method will overestimate the exact solution.

(iii)Euler’s method will underestimate the exact solution.



48 » Chapter 2 First Order Differential Equations

11 (b).

12.
13.

14.

15 (a).

15 (b).

16 (a).

16 (b).

16 (c).

17 (a).

17 (b).

17 (¢).

18 (a).

(iv)Euler’s method will overestimate the exact solution.
Euler’s method should initially underestimate (when solution curves are concave up) and then

tend to “catch up” (when solution curves become concave down).
Vier =V + 1y, +sin(2at,)), v, = L,h =001,k =0,1,...99.

V(0)=90,V(t)=90+5t,V(T)=100 when T=2=0=<t=<2

dQ 0

— =6(2-cos(mt))-1- ,00)=0

g = 82 osEn) =157, 00)

Qi = O, + 1| 6(2 - cos(t,)) - o ,0,=0,h=001,k=0,1,2,,...,199
’ 90 + 51,

Result: Q(2) =23.7556..0z.
, P - 1 1 .
P =0.1(1—§)P+e ’P(0)=E'Pk+l =P, +h[0.1(1—§Pk)Pk +e kl,PO =05.

Withh =0.01,k=0,1,...,199,z, =0.01k , P(2) = 1.502477 million.
Voo =V +h(y, +1),y,=0. For ", h=0.02,k =0,1,..49
Fory”,h=0.01,k=0,1,..99.

y=Ce' -1,C=1=y=¢-1.

y —-Ay= 0,(e'l’y) =C,y=Ce",y(0)=C=y,.Thusy=e"y,.
Vw1 = Ye +hAy, = (1 + )\’h)yk .

Therefore y, = (1+ Ah)y,,y, = (1+ Ah)y, = (1+ Ah) y,.y, = (1+ Ah)" y, ,

n

A\
v, = (1 + —) Y, - Since lim (1 + ﬁ) = ¢, the result follows.
n

n—=ee n
y'=2t-1, y)=0,y(t)=1*-1+C, y(1)=C=0.Thus y = £ - 1.
¥t = )+ [ @s=Dds = y(t) + (1, + ) = = h= y(1) + 20+ b~ h

For Euler’s Method: y,,, =y, + h(2t, - 1) =y, + 2t,h — h. Therefore, Euler’s Method will not

produce exact values.
ForR-K, y,,, =y, + %(thk +6h—6) =y, +2t,h + h* — h Therefore, R-K algorithm will

generate exact values.

v =09,y =0.9048375
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18 (b).
19 (a).
19 (b).
20 (a).
20 (b).
21 (a).

21 (b).

22 (a).
22 (b).

y(r)=e

»F =1.0000,y™ =0.9950
()=

yE =0,y = 0.0048375
y(t)=t-1+e”

yF =1.1000, y* = 1.1111...
-

v ==1.1,y* =-1.10517083

(1) =-e

Review Exercises

10.
12.

14.

16.

18.

20.

22.

24.

y(t) - C€t3+12t

(t)— 3te’ 0<t<l1
W30 12122

y(r)=cr

y(7) = (Ce3’2 - 1);,C >0

-3 £91° - 4C
NOE :

(1) = 2/Ine’ +C)
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